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Space-Time Least-Squares Spectral Elements
for Convection-Dominated Unsteady Flows
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Legendre polynomials are employed in a space-time least-squares spectral element formulation applied to linear
and nonlinear hyperbolic scalar equations. No stabilization techniques are required to render a stable, high-
order-accurate scheme. In parts of the domain where the underlying exact solution is smooth, the scheme exhibits
exponential convergence with polynomial enrichment, whereas in parts of the domain where the underlying exact
solution contains discontinuities the solution displays a Gibbs-like behavior. Numerical results will be given in
which the capabilities of the space-time formulation to capture discontinuities will be demonstrated.

Introduction

T HE least-squares spectral element method (LSQ-SEM) was
developed by Proot1 and Proot and Gerritsma.2,3 The method

combines the least-squares formulation as described in Jiang and
coworkers4−9 and Bochev and coworkers10−17 with a spectral ele-
ment approximation as described in Canuto et al.18 and Karniadakis
and Sherwin.19 Recently, a space-time formulation of the LSQ-SEM
has been applied to linear and nonlinear hyperbolic scalar equations
using Legendre polynomials§ and Chebyshev polynomials.20 Ac-
cording to Laney21 the linear advection equation and the nonlinear
Burgers equation are the building blocks in computational gasdy-
namics, where the linear advection equation models entropy waves
exhibiting contact discontinuities, and the nonlinear Burgers equa-
tion models the nonlinear interaction of waves with different wave
numbers, which can lead to the development of shocks and expan-
sion fans.

Spectral methods perform best when the underlying exact so-
lution is sufficiently smooth, and therefore spectral methods have
mainly been used in elliptic/parabolic problems. The use of spec-
tral methods in hyperbolic problems, which allow for discontinu-
ous solutions, “traditionally has been viewed as problematic,”22 and
therefore comparatively little work has been done.

Least-Squares Formulation
Bona fide least-squares formulations form an interesting alterna-

tive to Galerkin and Petrov–Galerkin weak formulations for the dis-
cretization of partial differential equations.5,6,16 The least-squares
method converts well-posed partial differential equations into sym-
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metric positive-definite algebraic equations, irrespective of the type
of the underlying partial differential equation. Furthermore, the
least-squares approach circumvents compatibility requirements in
mixed/constrained formulations, which implies that no inf-sup con-
dition between the approximating velocity space and the approxi-
mating pressure space needs to be imposed. These features allow
a unified approach of a variety of flows encountered in aerospace
engineering, such as compressible vs incompressible and avoids
the directional dependence of the numerical scheme in subsonic,
transonic, and supersonic flows.

The least-squares approach is based on the minimization of a
norm-equivalent functional. Consider a system of first-order linear
partial differential equations and boundary conditions:

Lu = f in � (1)

Bu = g on � (2)

Assume that the system is well posed so that two Hilbert scales
Xq(�) and Yq(�) × Yq(�) exist, such that (L, B) has a complete
set of homeomorphisms, that is, the mapping u �→ (Lu, Bu) is a
homeomorphism Xq(�) �→ Yq(�) × Yq(�) for all q, with q a scale
parameter, for example, with q = 0 one obtains the L2 space and
q = 1 refers to the H 1 space. The least-squares formulation seeks
for a minimum of the residuals of Eqs. (1) and (2) in a certain norm.
The norm-equivalent functional then becomes

J (u) = 1
2

[‖Lu − f‖2
Yq (�) + ‖Bu − g‖2

Yq (�)

]
(3)

Notice that minimizing J (u) and solving Eqs. (1) and (2) in the
least-squares sense are equivalent. Minimizing the functional J for
u means the following: find u, so that

lim
ε → 0

d

dε
J (u + εv) = 0, ∀v ∈ Xq (4)

Equivalently, one can write the necessary condition as follows: Find
u ∈ Xq such that

B(u, v) = F(v), ∀v ∈ Xq (5)

where B(u, v) = (Lu, Lv)Yq (�) + (Bu, Bv)Yq (�) is a symmetric, con-
tinuous bilinear form and F(v) = (f , Lv)Yq (�) + (g, Bv)Yq (�) is a
continuous linear functional.

The inclusion of the boundary residual in Eq. (3) allows for the
use of minimization spaces Xq(�), which are not constrained to
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satisfy the boundary condition (2); that is, the boundary conditions
are enforced weakly through the variational principle. This is ad-
vantageous whenever the boundary condition is difficult to satisfy
computationally and represents an additional beneficial feature of
least-squares based methods. If, on the other hand, Eq. (2) can be
easily imposed, one can consider Eq. (3) with the boundary term
omitted. Then the functions belonging to the space Xq(�) should
be required to satisfy the boundary condition, that is, Eq. (2) is
enforced strongly or directly on candidate minimizers.

We now have a framework for developing a least-squares finite
element method for Eqs. (1) and (2). Given the boundary-value
problem, one can proceed as follows:

1) Choose a functional setting, that is, two Hilbert scales Xq(�)
and Yq(�) × Yq(�).

2) Choose between variational (weak) or direct (strong) enforce-
ment of the boundary conditions and set up the relevant least-squares
functional, that is, Eq. (3) with or without the boundary residual
term, respectively.

3) Fix the scale parameter q , for example, choose q = 0.
4) Choose a finite dimensional subspace X h

q ⊂ Xq parameterized
by h → 0, where h can refer to a characteristic mesh width, polyno-
mial degree, or a combination of both.

5) Restrict Eq. (5) to X h
q .

This process leads to a discrete variational problem, namely, seek
uh ∈ X h

0 such that

B(uh, vh) = F(vh), ∀vh ∈ X h
0 (6)

with

B(uh, vh) =
∫

�e

Luh Lvh d�

F(vh) =
∫

�e

f Lvh d�

Spectral Elements
In the preceding section we briefly discussed the general idea of

the least-squares approach. Now we turn to the finite dimensional
subspace X h

0 (�), mentioned earlier. In spectral element methods,
the computational domain is subdivided into small nonoverlapping
subdomains �i called spectral elements. To achieve high-order ac-
curacy both in space and in time, space-time elements have been
introduced. This means that the “fourth” dimension, time, is con-
sidered as an additional spatial dimension. Therefore, for a one-
dimensional time-dependent problem, two-dimensional spectral el-
ements are required. These spectral elements are then mapped onto
a standard element [−1, 1] × [−1, 1]. Within this standard element
the approximate solution is expanded in space-time basis functions:

uh(x, t) = u P,Q(x, t) =
P + 1∑
i = 1

Q + 1∑
j = 1

uh
i, j Hi, j (x, t) (7)

with

Hi, j (x, t) = hi (x) h j (t) (8)

where the basis functions hi (x) are Lagrangian interpolants through
the Gauss–Lobatto–Legendre (GLL) points.18,23 The basis functions
are explicitly given by

hi (x) = (x − 1) (x + 1) L ′
P(x)

P (P + 1) L P(xi ) (x − xi )
(9)

with 1 ≤ i ≤ P + 1. L P(x) is the Legendre polynomial of degree P ,
and xi are the P + 1 GLL points, that is, the P − 1 zeros of the
first derivative of the Legendre polynomial L ′

P(x) supplemented
with the boundary nodes (x1 = −1 and xP + 1 = 1). Figure 1 shows
four of the 49 space-time shape functions for a spectral element
of order P = Q = 6. The Lagrange polynomial hi (x) is the unique

polynomial of degree P , which has a unit value at xi and is zero at
x j ( j 
= i), hi (x j ) = δi j ; therefore, holds uh(xi , t j ) = uh

i, j .
The derivative of the Lagrangian basis functions (9), evaluated at

the Gauss–Lobatto–Legendre points, are given by

dh j

dx

∣∣∣∣
xi

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

L P(xi )

L P(x j )

1

(xi − x j )
, i 
= j, 1 ≤ i, j ≤ P + 1

0, 1 < i = j < P + 1

−1

4
P(P + 1), i = j = 1

1

4
P(P + 1), i = j = P + 1 (10)

Integrals are evaluated numerically using the Gauss–Lobatto inte-
gration rule: ∫ 1

−1

f (x) dx ≈
P + 1∑
i = 1

wi f (xi ) (11)

where xi represent the P + 1 distinct GLL points in the interval
[−1 1], and wi are the GLL weights with

wi =
∫ 1

−1

hi (x) dx = 2

P(P + 1)[L P(xi )]2
(12)

Application to Hyperbolic Problems
Numerical schemes to solve hyperbolic problems usually take

the direction of the wave velocity into account. Because the least-
squares approach leads to a symmetric formulation, this require-
ment is no longer necessary. The main question therefore is, How
well does the least-squares spectral element formulation perform
in problems that have a strong directional dependence? To answer
this question, LSQ-SEM will be applied to linear and nonlinear
hyperbolic problems.

Results for the Linear Advection Equation
The first test case consists of a linear advection problem given by

∂u
∂t

+ a
∂u
∂x

= 0, 0 ≤ x ≤ L , t ≥ 0 (13)

with

u(0, x) = u0(x), u(t, 0) = u(t, L) (14)

The exact solution of this problem is given by

u(t, x) = u0(x − at) (15)

So the initial profile is convected with a constant speed through
the computational domain. The physical relevance of this model
problem is that it models entropy waves in gasdynamics.

The following test cases will be considered:
1) The linear advection of a smooth cosine function on a periodic

domain with initial condition is

u0(x) = 1
2
[1 − cos(2πx)], 0 ≤ x ≤ L = 1 (16)

Because the solution is infinitely smooth, we do not expect spurious
wiggles. Furthermore, one can expect exponential convergence with
polynomial enrichment (increasing the polynomial degree). To as-
sess the stability, calculations for various Courant–Friedrichs–Lewy
(CFL) numbers will be presented with

CFL = a(P/Q)(�t/�x) (17)

where �t is the size of the spectral element in the time direction
and �x is the size of the spectral element in the spatial dimension.
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a) H5,6(x, t)

b) H7,7(x, t)

c) H4,4(x, t)

d) H7,3(x, t)

Fig. 1 Four of the 49 space-time shape functions Hi,j(x, t) = hi(x)hj(t) of order P = Q = 6.

Fig. 2 Spectral element space-time strip with number of cells per unit length Nc/UL = 10 and order P = Q = 5.

2) The linear advection of a square wave on a periodic domain
with initial condition is

u0(x) =
{

1 for 0.25 ≤ x ≤ 0.75

0 elsewhere (18)

In this case the length of the domain is chosen L = 4. This solution is
discontinuous, and we do not expect exponential convergence with
polynomial enrichment. Furthermore, we expect wiggles around the
discontinuities similar to the wiggles we observe around a discon-
tinuity in approximation theory.

A detail of the space-time spectral element grid that is used each
time step is shown in Fig. 2. This is an equispaced rectangular spec-
tral element mesh consisting of 10 cells per unit length in the x
direction, denoted by Nc/U L , and one cell in the temporal direc-

tion. The polynomial interpolation order for each cell is in both
directions the same with P = Q = 5, where P refers to the poly-
nomial degree in space and Q denotes the polynomial degree in
time.

Figures 3 and 4 show the results of the LSQ-SEM for the advection
of the initial cosine function and initial square wave at a fixed time
level (T = 10) for different CFL numbers. These plots demonstrate
that there is no need to add dissipative terms to stabilize the scheme.
This makes the scheme low diffusive, which is particularly important
for the approximation of Navier–Stokes equations and for long time
integration. When we apply the initial square wave to the linear
advection problem, spurious Gibbs phenomena can be observed
(Fig. 4), as was expected. From the plots one observes that right in
front of and right behind the discontinuities the approximate solution
is polluted by spurious oscillations. However, when plotting the
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a) CFL = 0.1

b) CFL = 0.9

Fig. 3 Linear advection of an initial cosine function. LSQ-SEM so-
lution at a fixed time level T = 10, for different CFL numbers (grid:
Nc/UL = 10, P = Q = 5).

minimum and maximum value of the solution in time (Fig. 5), one
observes that the oscillations do not tend to grow in time. Both plots
in Fig. 5 again demonstrate the low diffusion error. The amplitude
of the cosine remains constant for long time integration. Numerical
results show that the Gibbs phenomenon does not pollute the whole
domain over time. It is restricted to the direct neighborhood of the
discontinuities. No smearing of the discontinuities occurs. This can
be noticed in Fig. 6, where the solution is plotted as a contour
plot in space-time domain. The white lines indicate the position
of the discontinuities with their spurious oscillations. These lines
are parallel to each other and do not have the intension to diverge
in time. Note however that the main part of the space-time solution
domain remains unpolluted in contrast to the space-time Galerkin
spectral element formulation, which turns out to be unstable.§

From the results for the initial square wave, it is obvious that the
least-squares spectral element method is nonmonotone. The spuri-
ous oscillations pollute the solution near discontinuities. Even for
very fine meshes with high interpolation order, some peaks will show
up (for instance, see Fig. 7). Laney describes this phenomenon as
follows: “The problem areas due to the Gibbs phenomenon are like
those of the ghetto—while you can make the ghetto as small as you
like, things are still just as bad for the people left in the ghetto.”21

Important to notice until now is that the approach is uncondi-
tionally stable without the need for artificial diffusion. Because the

a) CFL = 0.1

b) CFL = 0.9

Fig. 4 Linear advection of an initial square wave. LSQ-SEM solution
at a fixed time level T = 10, for different CFL numbers (grid: Nc/UL = 10,
P = Q = 5).

spurious oscillations are only located close to the discontinuities,
there is the possibility of retrieving the location of the disconti-
nuity and of reconstructing a monotonous approximation from the
least-squares solution as will be shown later.

Grid-Convergence Study
When applying spectral elements, two types of convergence can

be studied. One can increase the number of cells while keeping the
polynomial degree of the elements constant (h convergence). It can
be proven that when the exact solution u ∈ H s(�) the error in the
L2 norm in case of h refinement is given by1

‖ε‖0 ≤ C hl |u|l with l = min(P + 1, s) (19)

where P is the polynomial degree of the spectral elements and h
represents a grid parameter, for example, the average length of the
cells in the x direction (�x). The seminorm |u|l and C are con-
stant for a given problem. In case of a polynomial enrichment, that
is, increasing the polynomial degree in all cells while keeping the
number of elements constant, exponential convergence is expected
for smooth solutions. The error is calculated at the final time level
T in the L2 norm:

‖ε‖0 =
{∫ L

0

[
uh(x, T ) − uex (x, T )

]2
dx

} 1
2

(20)
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a) Initial cosine

b) Initial square wave

Fig. 5 The umin and umax in time for LSQ-FEM applied to the linear
advection equation with initial cosine function and initial square wave
(grid: Nc/UL = 10, P = Q = 5, CFL = 0.9).

Fig. 6 Space-time contour plot, linear advection of a square wave,
CFL = 0.9, Nc/UL = 10, P = Q = 5.

For the initial cosine function the exact solution is infinitely
smooth; therefore, s = ∞. The exact solution of the initial square
wave contains discontinuities.

It can be proven that s < 0.5. For the convergence we expect alge-
braic convergence both for h- as for p-type refinement, with for the
h type a convergence rate of 0.5. Figures 8 and 9 show the results
of both convergence types for the smooth (cosine) and nonsmooth
(square wave) test cases. Both figures are plotted on a double log-
arithmic scale. Note the different scales used for the figures. These
figures illustrate that indeed the convergence rate is exponential for
smooth solutions when p refinement is applied and algebraic in all
other cases. When discontinuities appear in the solution, because
of the spurious Gibbs phenomenon, the convergence is very slow.
However it is noted that in case of polynomial enrichment the con-
vergence rate is still slightly faster than h refinement.

Fig. 7 Linear advection of an initial square wave. LSQ-SEM solution
at a fixed time level T = 10 (grid: Nc/UL = 50, P = Q = 10, CFL = 0.9).

Fig. 8 The h/p convergence for the linear advection of the smooth co-
sine function.

Fig. 9 The h/p convergence for the linear advection of the discontinu-
ous square wave.
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Results for the Nonlinear Hyperbolic Scalar Equations
The least-squares spectral element method will be applied to the

one-dimensional inviscid Burgers equation

∂u
∂t

+ ∂u2

∂x
= 0 with 0 ≤ x ≤ L , t ≥ 0 (21)

with initial condition a single cosine hill

u0(x) =
{

1
2
[1 − cos(πx)] for 0 ≤ x ≤ 2

0 elsewhere (22)

Because this equation is nonlinear, linearization of the quadratic
term will be required. Two types of linearization have been used:
Newton linearization and Picard iteration.

When uk − 1 and uk are the solutions of Eq. (21) for two consec-
utive iteration steps and δu = uk − uk − 1 is the difference between
these two, then one can neglect the higher-order terms of δu and
linearize Eq. (21) by

∂uk

∂t
+ 2

(
uk − 1 ∂uk

∂x
+ uk ∂uk − 1

∂x
− uk − 1 ∂uk − 1

∂x

)
= 0 (23)

To find the discrete solution uk of Eq. (23) in the least-squares spec-
tral element sense means the following: find uk , which minimizes
the following functional:

J (uk) = 1

2

∥∥∥∥∂uk

∂t
+ 2

(
uk − 1 ∂uk

∂x
+ uk ∂uk − 1

∂x
− uk − 1 ∂uk − 1

∂x

)∥∥∥∥2

L2

(24)

This expression is called the nonconservative Newton LSQ-SEM
formulation. The nonconservative Picard linearized formulation
only takes the first two terms of Eq. (23) into account; therefore,

J (uk) = 1

2

∥∥∥∥∂uk

∂t
+ 2uk − 1 ∂uk

∂x

∥∥∥∥2

L2

(25)

For both iteration types minimizing the functional J (uk) in a least-
squares finite element sense will lead to positive-definite symmetric
system of equations of the form

Auk = f (26)

with uk the solution vector containing the unknown coefficients.
The stiffness matrix A and the force vector f are dependent on the
previous iteration step. (For Picard only A will be dependent on
uk − 1.) Therefore Eq. (26) has to be solved various times at each
time level.

Figure 10 shows the results for the one-dimensional Burgers equa-
tions when the LSQ-SEM is applied using both the nonconservative
Newton and Picard formulation. Again the error is calculated in the
L2 norm, and �xs is the measured distance between the exact po-
sition of the shock discontinuity (xs = 3.20978) and the predicted
position of the discontinuity in the LSQ-SEM solution.

At first sight only a slight difference between the two solutions
can be noticed. However, when the polynomial degree is increased
the Newton formulation seems to have some problems to converge.

Table 1 Results for the Burgers equation with initial cosine hill for different interpolation degrees
(T = 2, CFL = 1, Nc/UL = 10)

Newton Picard
Element
order ‖ε‖0 �xs , [%] Ntot CPU ‖ε‖0 �xs , [%] Ntot CPU

4 7.53e−2 0.68 620 258 3.64e−2 0.24 619 234
5 5.35e−2 1.85 794 531 5.21e−2 0.24 694 414
6 2.21e−1 3.41 717 773 2.94e−2 0.03 785 768
8 No convergence 1.02e−2 0.01 1254 3737

The shock position is not predicted correctly anymore with increas-
ing polynomial degree. When Picard is used instead, the numerical
prediction of the discontinuity does converge to the exact shock po-
sition as can be observed in Table 1. It is a remarkable fact that the
Newton linearization, when it converges, converges to a different
solution than the Picard iteration. This phenomenon is probably be-
cause in the presence of large gradients very large entries appear in
the stiffness matrix, which makes the system very stiff, in contrast to
the Picard iteration in which only the value from a previous iteration
appears in the system matrix.

Figure 11 shows a space-time contour plot of the the LSQ-SEM
solution for the Burgers equation when the nonconservative Picard
formulation is applied. This figure, together with Fig. 6, shows the
ability to capture discontinuities that are not aligned to the grid. The
white band around the singularity is a result of the local Gibbs phe-
nomenon. Note that because no dissipative terms have been added
to the weak solution to stabilize the method, no smearing of the
shocks occurs.

Determination of the Location of Discontinuities
The results for the linear and the nonlinear hyperbolic scalar equa-

tions just presented demonstrate that the least-squares spectral el-
ement method is high-order accurate in the smooth parts of the
solution, but exhibit Gibbs-like oscillations near discontinuities in

a) Newton

b) Picard

Fig. 10 LSQ-SEM solution of the Burgers equation at time level T =
2 (Nc/UL = 10, P = Q = 4, CFL = 1).
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Fig. 11 Space-time contour plot, LSQ-SEM applied to one-
dimensional Burgers equation, CFL = 0.9, Nc/UL = 10, P = Q = 5.

the solution or in its derivatives. Despite the fact that the method
converges in the L2 norm, the error in the minimax norm is O(1).
Recently it has been proven rigorously that the oscillatory behavior
around discontinuities is not just noise, but contains sufficient infor-
mation to reconstruct an exponentially convergent approximation
everywhere in the computational domain, provided that the location
of the discontinuity is known, that is, the Gibbs phenomenon can be
overcome completely.22,24

To determine from the oscillatory numerical solution the location
of the discontinuity, the enhanced edge detection method developed
by Gelb and Tadmor25 is used. The idea is to expand the numerical
solution in a filtered Fourier series

S̃σ
N [uh](x) =

N∑
k = −N

ũh
k σ

(
k
N

)
eikx (27)

which converges faster than the unfiltered Fourier representation
(σ = 1) (Refs. 24 and 25). The factor σ is called the concentration
factor. With the use of the particular choice σ = σ r (ξ) = −πrξ r ,
the filtered Fourier representation can be written as

Ĩσ 2p + 1

N [uh](x) = (−1)p π(2p + 1)

N 2p + 1

d2p + 1

dx2p + 1
IN (uh)(x) (28)

For the particular choice p = 0, one obtains

SN [uh](x) = π

N
duh

dx
(29)

It is proven25 that SN converges pointwise to

lim
N → ∞

SN [uh](x) = uh(x + ε) − uh(x − ε), ε → 0 (30)

So in regions where the solution is continuous, this expression tends
to converge to zero, and near discontinuities this expression will
yield a finite nonzero value. The location of a discontinuity is then
determined from the value x = xs for which SN has a sharp peak.

For finite values of N , the expression SN will be very oscilla-
tory with a more pronounced maximum near the discontinuity. By
amplification of the scales, the location of the discontinuity can be
filtered out of the spurious oscillations in SN for finite values of N .
Therefore define

TN (x) = N q/2(SN [uh](x))q →
{

N q/2[[uh](x)]q if x = xs

O(N−q/2) elsewhere

(31)

where xs denotes the position of the discontinuity. The enhanced
edge detection method now sets

Se
N [uh](x) =

{
SN [uh](x) if |TN (x)| > Jcrit

0 if |TN (x)| < Jcrit (32)

Here Jcrit is anO(1) threshold parameter, which signifies the critical
(minimal) amplitude necessary for jumps to be detected. One has to
bear in mind, however, that the polynomial degrees used to solve the
differential equation are considered high in comparison to standard
finite element methods, but are rather low in comparison to the
polynomial degrees used by Gelb and Tadmor. As it turns out, Se

N
gives a good indication of the location of the discontinuity, but its
value does not predict the amplitude of the discontinuity correctly.
However, a good indicator of the shock position is all we need in
this work. Results of the concentration method and enhancement are
shown in Fig. 12. The result of the enhanced concentration method is
demonstrated in Fig. 13 for the numerical solution of Fig. 10b. Once
the discontinuities have been detected, it is possible to reconstruct
the solution in the piecewise smooth subdomains defined by the
position of the edges and the boundary conditions. Figure 14 shows
the result of the postprocessing piecewise reconstruction method
applied to the solution of Fig. 10b.

a) SN(x)

b) TN(x), with q = 5

Fig. 12 Enhanced concentration method applied to the numerical so-
lution of Fig. 10b.

Fig. 13 Result of the edge detection method. The pointed node indi-
cates the detected position of the shock.
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Fig. 14 Piecewise reconstruction method applied to the LSQ-SEM so-
lution of Fig. 10b.

Conclusions
In this paper the space-time least-squares spectral element formu-

lation using Lagrange polynomials has been discussed. The method
turns out to be unconditionally stable without the necessity of adding
dissipative terms. This make the scheme low diffusive, which is par-
ticularly important for long time integration and for the approxima-
tion of Navier–Stokes equations. The numerical results also show
that the scheme has low dissipative error.

Near discontinuities the numerical solution displays a Gibbs-like
behavior, however in elements that do not contain a discontinu-
ity the approximation is unaffected by the presence of oscillations
elsewhere in the numerical solution. This remarkable behavior is
quite contrary to the behavior observed in the space-time Galerkin
spectral element method, where ultimately the whole numerical so-
lution is affected by the presence of discontinuities in case no dis-
sipative terms have been added to the weak formulation.§ A grid-
convergence study shows that in case of polynomial enrichment the
LSQ-SEM solution converges exponentially when the underlying
exact solution is smooth. In all other cases the convergence is alge-
braic and depends on the smoothness of the exact solution. Because
of the Gibbs-like behavior, the numerical solution converges to the
exact solution in the L2 norm, but not in the L∞ norm. However, in
contrast to conventional schemes for hyperbolic equations, increas-
ing the polynomial degree in the presence of singularities leads to
more accurate solutions.

The ability to predict the location of the shock from the oscilla-
tory numerical solution and to reconstruct a monotonous solution
in a postprocessing step allows one to develop globally higher-
order-accurate numerical schemes for nonlinear hyperbolic equa-
tions, which in turn offers great potential in solving problems in
gasdynamics, such as the Euler equations.
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